
DOI 10.1140/epja/i2006-10113-x

Eur. Phys. J. A 30, 153–163 (2006) THE EUROPEAN
PHYSICAL JOURNAL A

Isospin flows

M. Di Toro1,a, S.J. Yennello2, and B.-A. Li3

1 Laboratori Nazionali del Sud INFN, Phys. Astron. Dept. Catania University, Via S. Sofia 62, I-95123 Catania, Italy
2 Cyclotron Institute, Texas A&M University, College Station, TX 77843, USA
3 Department of Chemistry and Physics, P.O. Box 419, Arkansas State University, AR 72467-0419, USA

Received: 18 May 2006 /
Published online: 24 October 2006 – c© Società Italiana di Fisica / Springer-Verlag 2006

Abstract. In this report, we review the isospin dependence of various forms of the collective flow in heavy-
ion reactions from Fermi to relativistic energies. The emphasis will be on suggested possible applications
in directly exploring the underlying isovector potential and thus the Equation of State (EoS) of asym-
metric nuclear matter, in particular in density regions far away from normal conditions. We also discuss
forthcoming challenges and opportunities provided by high-energy radioactive beams.

PACS. 25.70.-z Low and intermediate energy heavy-ion reactions – 25.75.Ld Collective flow – 21.30.Fe
Forces in hadronic systems and effective interactions – 21.65.+f Nuclear matter

1 Introduction

Nuclear collective flow is a motion characterized by space-
momentum correlations of dynamical origins. It reveals
itself in various forms in nuclear reactions. The study of
several components of the collective flow in heavy-ion re-
actions has been found very useful for extracting infor-
mation about the Equation of State (EoS) of symmetric
nuclear matter [1–5]. The isospin flow refers to the depen-
dence of the collective flow on the isospin asymmetry of
the reaction system and/or of the reaction products. This
isospin dependence of collective flow has been found use-
ful for studying the isospin asymmetric part of the EoS,
namely, the symmetry energy, of neutron-rich matter.

We begin by reviewing briefly our current understand-
ing about the EoS of isospin-asymmetric matter. Several
forms of the collective flow will then be introduced. Ef-
fects of the symmetry energy/potential on collective flows
will be examined in the following sections, with an accu-
rate analysis of the corresponding most sensitive observ-
ables. Particular attention will be given to the possibility
of studying the symmetry term at high baryon density.

2 Equation of state of isospin-asymmetric
nuclear matter

Here we shortly review the EoS of isospin-asymmetric
matter and the related symmetry energy problem. In
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asymmetric matter the energy per nucleon, i.e. the equa-
tion of state, will be a functional of the total (ρ = ρn+ρp)
and isospin (ρ3 = ρn−ρp) densities. In the usual parabolic
form in terms of the asymmetry parameter I ≡ ρ3/ρ =
(N − Z)/A we can define a symmetry energy Esym

A (ρ):

E

A
(ρ, I) =

E

A
(ρ) +

Esym

A
(ρ) I2. (1)

The symmetry term gets a kinetic contribution directly
from the basic Pauli correlations and a potential contri-
bution from the properties of the isovector part of the
effective nuclear interactions in the medium. Since the ki-
netic part can be exactly evaluated we can separate the
two contributions, reducing the discussion just to a func-
tion F (u) of the reduced density u ≡ ρ/ρ0 linked to the
interaction:

εsym ≡ Esym

A
(ρ) ≡ εsym(kin) + εsym(pot)

=
εF (ρ)
3

+
C

2
F (u), (2)

with F (1) = 1, where ρ0 is the saturation density and
the parameter C is of the order C � 32MeV to repro-
duce the a4 term of the Bethe-Weizsäcker mass formula.
The major uncertainties about the EoS and the symme-
try energy are due to both our poor knowledge about the
isospin dependence of nuclear effective interactions and
the limitations of existing many-body techniques. Shown
in fig. 1 are the density-dependent symmetry energies pre-
dicted by some of the most widely used microscopic many-
body theories. It is seen that, at both sub-saturation and
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Fig. 1. Overview of several theoretical predictions for the sym-
metry energy S: Brueckner-Hartree-Fock with Reid93 poten-
tial (circles), self-consistent Green function theory with Reid93
potential (full line), variational calculation with Argonne Av14
potential (dashed line), Dirac-Brueckner-Hartree-Fock calcula-
tion (triangles), relativistic mean-field model (squares), effec-
tive field theory (dash-dotted line). Taken from [6].

supra-saturation densities, the predictions diverge very
widely. We note that within each approach the predic-
tion also depends on the two-body effective interaction
used and whether/what three-body forces are included.
To illustrate the dependence on the effective interactions
used, we show in fig. 2 some typical EoSs obtained from
Hartree-Fock calculations. It is necessary to stress that
they all have the same saturation properties for symmet-
ric NM (top): SKM∗ [7,8], SLy230b (SLy4) [9–11] and
BPAL32 [12–15]. However, their predictions on the EoS
of asymmetric matter, especially their contributions to the
potential part of the symmetry energy, are very different.
The major challenge is thus to constrain experimentally
the potential part of the symmetry energy and the asso-
ciated symmetry potential. The ultimate goal is to pin
down the isospin dependence of nuclear effective inter-
actions that is also responsible for the structure of rare
isotopes.

In fig. 2 (bottom) the density dependence of the poten-
tial symmetry contribution for the three different effective
interactions is reported. While all curves obviously cross
at normal density ρ0, quite large differences are present for
values, slopes and curvatures in low-density and particu-
larly in high-density regions. Moreover, even at the rela-
tively well-known “crossing point” at normal density the
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Fig. 2. EoS for various effective forces. Top: neutron matter
(up), symmetric matter (down); Bottom: potential symmetry
term. Taken from [23].

various effective forces are presenting controversial predic-
tions for the momentum dependence of the fields acting
on the nucleons and consequently for the splitting of the
neutron/proton effective masses, of large interest for nu-
clear structure and dynamics. In recent years under the
stimulating perspectives offered from nuclear astrophysics
and from the new Radioactive Ion Beam (RIB) facilities
a relevant activity has started in the field of the isospin
degree of freedom in heavy-ion reactions, see for review
refs. [20–23].

A traditional expansion to second order around normal
density is used [18,24,25]

εsym ≡ Esym

A
(ρ) = a4 +

L

3

(
ρ− ρ0
ρ0

)
+
Ksym

18

(
ρ− ρ0
ρ0

)2

,

(3)
in terms of a slope parameter

L ≡ 3ρ0

(
dεsym

dρ

)
ρ=ρ0

=
3
ρ0
Psym(ρ0), (4)

which is simply related to the symmetry pressure Psym =
ρ2dεsym/dρ at ρ0, and a curvature parameter

Ksym ≡ 9ρ20

(
d2εsym

d2ρ

)
ρ=ρ0

, (5)

a kind of symmetry compressibility. We remark that our
present knowledge of these basic properties of the sym-
metry term around saturation is still very poor, see the
analysis in ref. [26] and references therein. In particular,
we note the uncertainty on the symmetry pressure at ρ0,
of large importance for structure calculations.

We have seen that asymmetry brings an extra pressure
Psym. For the collective flow discussion it is instructive to
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Table 1. Symmetry term at saturation.

F (u) L Ksym [Ksym − 6L] [Ksym + 6L]

const = 1 +25MeV −25MeV −175MeV +125MeV√
u +49MeV −61MeV −355MeV +234MeV

u +75MeV −25MeV −475MeV +425MeV

u2/(1 + u) +100MeV +50MeV −550MeV +650MeV

evaluate the density gradient of the symmetry pressure as
a function of the slope and curvature of the symmetry
term:

d
dρ
Psym =

1
9
(Ksym + 6L), (6)

that around normal density gives

d
dρ
Psym =

(
10
27
εF + C

[
d
du

+
1
2
d2

du2

]
F (u)

∣∣∣∣
u=1

)
. (7)

The compressibility of the matter is also modified by the
asymmetry [23,27]. For the compressibility shift at equi-
librium we have, after some algebra,

∆KNM (I) = 9ρ0

[
ρ0

d2

dρ2
− 2

d
dρ

]
εsym(ρ)

∣∣∣∣
ρ=ρ0

I2

= [Ksym − 6L]I2 < 0. (8)

We note the different interplay between slope and cur-
vature of the symmetry term for flows, eqs. (6), (7), and
monopole, eq. (8), observables. In order to have a quan-
titative idea, we now show explicitly the influence on the
L,Ksym parameters of a different density dependence in
the potential part of the symmetry energy around satura-
tion, i.e. of the function F (u) of eq. (2):

L =
2
3
εF +

3
2
C

d
du
F (u)

∣∣∣∣
u=1

,

Ksym = −2
3
εF +

9
2
C

d2

du2
F (u)

∣∣∣∣
u=1

.

We obtain the rather instructive table 1 for various func-
tional forms F (u), u ≡ ρ/ρ0, around ρ0. A stiffer sym-
metry term in general enhances the pressure gradient of
asymmetric matter. We can expect direct effects on the
nucleon emissions in the reaction dynamics, fast particles
and collective flows. In particular, we will see larger flows
in isospin-asymmetric collisions. Moreover, due to the dif-
ferent fields seen by neutrons and protons, we shall observe
even specific isotopic effects.

In fig. 3 we report, for an asymmetry (N −Z)/A = 0.2
representative of 124Sn, the density dependence of the
symmetry contribution to the mean-field potential for the
different effective interactions in the isovector channel. It
is seen that in regions just off normal density the field
“seen” by neutrons and protons in the three cases is very
different. We thus expect important isospin effects on nu-
cleon transport during reactions at intermediate energies
(prompt particle emissions, collective flows, n/p interfer-
ometry) where the interacting asymmetric nuclear matter

Fig. 3. Symmetry contribution to the mean field at I = 0.2
for neutrons (upper curves) and protons (lower curves): dashed
lines “asy-soft”, long-dashed lines “asy-stiff”, solid lines “asy-
superstiff”. Taken from [23].

will experience compressed and expanding phases. These
points have been analysed in some detail using isospin-
dependent transport simulations for the reaction dynam-
ics. We always compare results obtained with forces that
have the same saturation properties for symmetric NM .
We will refer to an “asy-stiff ” EoS (e.g., like BPAL32 of
fig. 2). when we are considering a potential symmetry term
linearly increasing with nuclear density and to a “asy-soft”
EoS (e.g., like SKM∗ of fig. 2) when the symmetry term
shows a saturation and eventually a decrease above normal
density. In some cases, in order to enhance the dynamical
effects, we will consider also “asy-superstiff ” behaviours,
i.e. with a roughly parabolic increase of the symmetry
term above normal density [15,28,29].

3 Collective flows: definitions

The collective motion can be characterized in several ways
that pin down different space-momentum correlations that
can be generated by the dynamics. The kind of collective
flows that have been suggested and employed to get in-
formation on the equation of state can be divided into
three categories: radial, sideward and elliptic. The side-
ward and elliptic flows have been and are currently useful
tools for the study of the compressibility of symmetric nu-
clear matter. In the search for the density behaviour of the
symmetry energy, similar concepts can be exploited but
high-lightening the difference between neutrons and pro-
tons or light clusters with different isospin. We will define
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the different types of collective flow and we will discuss
the current status of the effects expected due to different
Esym(ρ), and related momentum dependence. We will see
that first experimental results with stable beam already
show hints of the effect of the symmetry energy. Thus fu-
ture, more exclusive, experiments with radioactive beams
should be able to set stringent constraints on the density
dependence of the symmetry energy far from ground-state
nuclear matter.

The sideward (transverse) flow is a deflection of
forward- and backward-moving particles, within the re-
action plane [30]. It is formed because for the compressed
and excited matter it is easier to get out on one side of the
beam axis than on the other. The sideward flow is often
represented in terms of the average in-plane component of
the transverse momentum at a given rapidity 〈px(y)〉:

F (y) ≡ 1
N(y)

N(y)∑
i=1

pxi
≡ 〈px(y)〉. (9)

The particular case in which the slope of the transverse
flow is vanishing in a region around midrapidity is referred
to as balance energy. It comes out from a balance between
the attraction of the mean field and the repulsion of the
two-body collisions.

The build up of sideward and elliptic flow is realized
around the higher-density stage of the reaction and thus
is a powerful tool for the search of the high-density be-
haviour of the symmetry energy. It represents a very gen-
eral means of investigation, giving information on the dy-
namical response of excited nuclear matter in heavy-ion
collisions, from the Fermi energies [1–5] up to the ultra-
relativistic regime, in the search for a phase transition to
QGP [31]. For the isospin effect the sum over the par-
ticles in eq. (9) is separated into protons and neutrons.
In refs. [29,32] also the neutron-proton differential flow
F pn(y) has been suggested as a very useful probe of the
isovector part of the EoS since it appears rather insensi-
tive to the isoscalar potential and to the in-medium nu-
clear cross-section and, as we will discuss, it combines the
isospin distillation effects with the direct dynamical flow
effect. The definition of the differential flow Fpn(y) is

Fpn(y) ≡ 1
N(y)

N(y)∑
i=1

pxi
τi ≡ Nn

N(y)
Fn(y)− Np

N(y)
Fp(y),

(10)
where N(y) is the total number of free nucleons at rapid-
ity y (Nn,p, neutron/proton multiplicities) and pxi

is the
transverse momentum of particle i in the reaction plane
(τi is +1 and −1 for protons and neutrons). The flow ob-
servables can be seen, respectively, as the first and second
coefficients from the Fourier expansion of the azimuthal
distribution [33]:

dN
dφ

(y, pt) ∝ 1 + 2V1 cos(φ) + 2V2 cos(2φ),

where pt =
√
p2x + p2y is the transverse momentum and

y the rapidity along beam direction. The transverse flow

can be also expressed as

V1(y, pt) =
〈
px

pt

〉
.

It provides information on the azimuthal anisotropy of the
transverse nucleon emission and has been used to study
the EoS and cross-section sensitivity of the balance en-
ergy [32].

The second coefficient of the expansion defines the el-
liptic flow v2 that can be expressed as

V2(y, pt) =
〈
p2x − p2y
p2t

〉
.

It measures the competition between in-plane and out-of-
plane emissions. The sign of V2 indicates the azimuthal
emission anisotropy: particles can be preferentially emit-
ted either in the reaction plane (V2 > 0) or out-of-plane
(squeeze-out, V2 < 0) [33,34]. The pt-dependence of V2,
which has been recently investigated by various groups [5,
34–36], is very sensitive to the high-density behavior of
the EoS since highly energetic particles (pt ≥ 0.5) orig-
inate from the initial compressed and out-of-equilibrium
phase of the collision, see, e.g., ref. [36]. Also at high en-
ergy it is allowing to get insight of the partonic stage
and hadronization mechanism in ultrarelativistic heavy-
ion collisions [31].

4 Collective flows at the Fermi energies:
isospin effects around the balance energy

The Fermi energy range (roughly from 20 to 100AMeV
beam energies), transitional region from a mean field to
a NN -collision dynamics with the related building up of
density gradients, represents a kind of threshold for out-
of-plane flows (radial and elliptic). Meanwhile the trans-
verse flow shows the balance effect, i.e. it changes from
negative to positive due to the competition between the
attractive mean field and the repulsiveNN collisions (plus
Coulomb), see [3]:

dF (y)
dy

(Ebal)y=0 = 0.

Due to this delicate balance one would expect isospin ef-
fects on the mean field to be relevant.

The isospin dependence of the transverse collective
flow near the balance energy was first pointed out in
ref. [37], where it is stressed that the reactions involv-
ing neutron-rich nuclei should have a significantly stronger
attractive flow and consequently a higher balance energy.
Shown in fig. 4 is the impact parameter dependence of
the flow parameter for the reaction of 58Fe + 58Fe and
58Ni + 58Ni at a beam energy of 55MeV/nucleon from
experiments done at MSU [38–40]. It is interesting to see
that the flow parameter for the neutron-richer system is
consistently higher and is in agreement with transport
model predictions [37]. Pak et al. have also studied the



M. Di Toro et al.: Isospin flows 157

Fig. 4. Flow parameters for the reactions of 58Fe + 58Fe and
58Ni + 58Ni as a function of the reduced impact parameter at
a beam energy of 55MeV/nucleon. Taken from ref. [39].

Fig. 5. Upper window: mean transverse momentum in the
reaction plane versus the reduced c.m. rapidity for Z = 2
fragments from impact-parameter-inclusive 58Mn + 58Fe col-
lisions at 55MeV/nucleon. Lower window: isospin dependence
of the flow parameter for inclusive collisions at a beam energy
of 55MeV/nucleon. Taken from ref. [39].

flow parameter as a function of the isotope ratio of the
composite projectile plus target system for three differ-
ent fragment types from three isotopic entrance channels.
Shown in the upper window of fig. 5 is the mean trans-
verse momentum in the reaction plane versus the reduced
c.m. rapidity for Z = 2 fragments from impact-parameter-
inclusive 58Mn+ 58Fe collisions at 55MeV/nucleon. The
flow parameter extracted for inclusive events is plotted in
the lower window of fig. 5 as a function of the ratio of
neutrons to protons of the combined system (N/Z)cs. The
flow parameter increases linearly with the ratio (N/Z)cs
for all three types of particles.

In spite of the low 58F asymmetry (I = 0.1), in the iso-
transport simulations of ref. [41] the shift of the balance
energy is getting a noticeable contribution from the stiff-
ness of the symmetry term. This is shown in fig. 6, where
the flow slope at midrapidity vs. beam energy is reported:
an asy-stiff behavior, more attractive for protons above
normal density for the Fe asymmetric case, gives a clear
shift in the balance energy as well as a larger (negative)
flow at 55AMeV, i.e. below the balance. Both effects are
in agreement with the data and are disappearing in the
asy-soft choice. Of course also the isospin and density de-
pendence of the NN cross-sections is important (see the
(c), (d) plots) but we note that a good sensitivity to the
isovector part of the EoS is still present. In particular, we
can see that the isospin dependence of the mean field is
able to keep the transverse flow difference between pro-
tons in Fe-Fe and Ni-Ni. However a systematic study over
different systems with more “exotic” isospin content is
necessary to confirm this result. An important effect pre-
dicted by the simulations is the clear difference between

Fig. 6. Energy dependence of flows at bred = 0.45 [42]: Fe + Fe
protons (full circles); Ni + Ni protons (open circles); Fe + Fe
neutrons (squares). (a) Asy-stiff; (b) asy-soft; (c), (d) same for
σNN = 2 fm2 no isospin dependent. The full diamonds in (a)
represent the proton balance energy data of ref. [38] for the
Fe + Fe (right) and Ni + Ni systems. Taken from [41].
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Fig. 7. Mean transverse momentum in the reaction plane
vs. reduced rapidity for light 3He-3H isobars in the Fe + Fe
collisions at 55AMeV beam energy (i.e. below the bal-
ance) for semicentral impact parameter, bred = 0.6. Asy-stiff
parametrization. Taken from [41].

neutron and proton flows. Due to the difficulties in mea-
suring neutrons this should be seen in a detailed study of
light isobar flows. Moreover, we like to recall that clusters
are better probing the higher-density regions. This point is
quantitatively shown in fig. 7 where we present the trans-
verse momentum vs. rapidity distributions for 3He-triton
clusters in semicentral Fe-Fe collisions at 55AMeV, i.e.
below the balance energy [41]. We can estimate a 20%
larger (negative) flow for the 3He ions, just opposite to
what is expected from Coulomb effects. This appears to
be a clear indication of the contribution of a much reduced
(negative) neutron flow in the case of an asy-stiff force,
i.e. a more repulsive symmetry term just above ρ0. The
effect would disappear in an asy-soft choice.

For heavier systems, with much larger Coulomb repul-
sion, the flow balance is at lower energies. The Iso-EoS ef-
fects are less evident for two main reasons: i) the smaller
relative weight of symmetry vs. Coulomb contributions;
ii) the reduced compression in the interacting region. This
is clearly shown in fig. 8, from the iso-transport simula-
tions of ref. [43], where the proton transverse flows for the
124Sn + 124Sn case at 50AMeV (semicentral) are reported.
There is no appreciable difference in the evaluations with
two quite different density dependencies of the symmetry
term, F (u) = uγ , u ≡ ρ/ρ0, γ = 0.5 (rather asy-soft) and
γ = 2 (asy-superstiff).

Moreover, at the Fermi energies free nucleons can be
emitted from various sources, from the early high-density
stage as well as in the expansion phase, when fragments
are formed (isofractionation or isodistillation) and finally
from excited primary clusters. For the Iso-EoS studies
more exclusive flow data are needed. In particular, a good
selection for the source density could be based on the
transverse momentum of the nucleons emitted at a given
rapidity. The proton elliptic flow appears very sensitive to
this analysis, see fig. 8 for the same Sn + Sn n-rich sys-
tem [43]. At high pt’s the Iso-EoS differences are evident,
with a reduced squeeze-out flow in the γ = 2 case. At this
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text). From ref. [43].

low energy the less repulsive interactions (no Coulomb and
symmetry potentials) give the largest squeeze-out, just op-
posite to what we will see at higher energies. Finally, we
note that high-momentum particles will better probe the
momentum dependence of the mean field, including its
isospin-dependent part. This is the subject of the next
section.

Despite the possible interpretation, in order to make
the analysis of collective flow more sensitive to the sym-
metry potential, the neutron-proton differential flow, de-
fined in eq. (10), has been introduced [32]. In such a way
one combines constructively the difference in the neutron-
proton collective flow and the difference in the number
of protons and neutrons emitted. At the same time the
influences of the isoscalar potential and the in-medium
nucleon-nucleon cross-sections are also reduced. However,
the measurement of such a differential flow demands not
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Fig. 9. Difference between proton and neutron V1 flows in
a semicentral reaction Au + Au at 250AMeV for three ra-
pidity ranges. Upper left panel: |y(0)| ≤ 0.3; upper right:
0.3 ≤ |y(0)| ≤ 0.7; lower left: 0.6 ≤ |y(0)| ≤ 0.9. Taken
from [47].

only for, the measurement of neutron collective flow but
also for a precise assessment of their number, which most
likely is impossible. On the other hand, the idea to com-
bine more than one isospin contribution in one observable
is certainly important for elusive effects as those coming
from the symmetry energy. In this respect, we would like
to note that the usual problems caused by the neutrons
can be overcome by looking at clusters. For example, one
can use the definition of differential collective flow and
apply it to the 3H-3He isospin doublet, see previous dis-
cussion.

5 Effective mass splitting and collective flows

The problem of momentum dependence (MD) in the
isospin channel is still very controversial and it would be
extremely important to get more definite experimental in-
formation, see the recent refs. [44–49]. Intermediate ener-
gies are important in order to have high-momentum par-
ticles and to test regions of high baryon (isoscalar) and
isospin (isovector) density during the reaction dynamics.
Now, we present some qualitative features of the dynam-
ics in heavy-ion collisions in higher-energy regions, of large
interest for the RIA facility, related to the splitting of nu-
cleon effective masses.

Collective flows are very good candidates since they
are expected to be very sensitive to the momentum de-
pendence of the mean field, see [23,34] and references
therein. We have then tested the isovector part of the
momentum dependence just evaluating the difference of

Fig. 10. Comparison of the V1 proton flow with FOPI data [50]
for three rapidity ranges. Top: 0.5 ≤ |y(0)| ≤ 0.7; center: 0.7 ≤
|y(0)| ≤ 0.9; bottom: 0.9 ≤ |y(0)| ≤ 1.1. Taken from [47].

neutron/proton transverse and elliptic flows

V
(n-p)
1,2 (y, pt) ≡ V n

1,2(y, pt)− V p
1,2(y, pt)

at various rapidities and transverse momenta in semicen-
tral (b/bmax = 0.5) 197Au + 197Au collisons at 250AMeV,
where some proton data are existing from the FOPI Col-
laboration at GSI [50,51].

We report here on expected effects of the isospin MD,
studied by means of the Boltzmann-Nordheim-Vlasov
transport code, refs. [52,53], implemented with a BGBD-
like [54,55] mean field with a different (n, p) momentum
dependence, see refs. [44,47], that allow to follow the
dynamical effect of opposite n/p effective mass splitting
while keeping the same density dependence of the sym-
metry energy.

Transverse flows

For the difference of nucleon transverse flows, see fig. 9,
the mass splitting effect is evident at all rapidities, and
nicely increasing at larger rapidities and transverse mo-
menta, with more neutron flow when m∗

n < m
∗
p. Just to

show that our simulations give realistic results we compare
in fig. 10 with the proton data of the FOPI Collaboration
for similar selections of impact parameters rapidities and
transverse momenta. The agreement is quite satisfactory.
We see a slightly reduced proton flow at high transverse
momenta in the m∗

n < m∗
p choice, but the effect is too

small to be seen from the data. Our suggestion of mea-
suring just the difference of n/p flows looks much more
promising. Similar calculations have been performed in
ref. [45] for the 132Sn-124Sn system at 400AMeV beam
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energy. The differential transverse flow, eq. (10), is shown
in fig. 11 with and without the isospin-MD of the mean
field. The effect of the nucleon mass splitting is less ev-
ident. This could be related to the choice m∗

n > m∗
p in

this calculation, which tends to reduce symmetry effects
on high momentum particles.

Elliptic flows

The same analysis has been performed for the difference
of elliptic flows, see fig. 12. Again the mass splitting ef-
fects are more evident for different rapidity and transverse
momentum selections. In particular, the differential ellip-
tic flow becomes systematically negative at low rapidities
when m∗

n < m
∗
p. This is revealing a faster neutron emis-

sion from the high-density region and so a larger neutron
squeeze out (more spectator shadowing) for high-energy
collisions. In fig. 13 we also show a comparison with recent
proton data from the FOPI Collaboration. The agreement
is still satisfactory. As expected the proton flow is more
negative (more proton squeeeze-out) when m∗

n > m∗
p. It

is however difficult to draw definite conclusions only from
proton data.

Again the measurement at least of a n/p flow differ-
ence appears essential. This could be in fact an experimen-
tal problem due to the difficulties in measuring neutrons.
Our suggestion is to measure the difference between light

Fig. 12. Difference between proton and neutron elliptic flows
for the same semicentral reaction Au + Au at 250AMeV and
rapidity ranges as in fig. 9. Taken from [47].

Fig. 13. Comparison of the elliptic proton flow with FOPI
data [51] (M3 centrality bin, |y(0)| ≤ 0.1). Taken from [47].

isobar flows, like triton vs. 3He and so on. We expect to
clearly see the effective mass splitting effects, may be even
enhanced due to larger overall flows shown by clusters,
see [23,41].

6 Collective flows as probes of the
high-density symmetry energy

Relativistic heavy-ion collisions open the unique possi-
bility to explore the Equation of State (EoS) of nuclear



M. Di Toro et al.: Isospin flows 161

matter far from saturation, in particular the density de-
pendence of the symmetry energy [23]. The elliptic flows
of nucleons and light isobars appear to be quite sensi-
tive to the microscopic structure of the symmetry term,
in particular, for particles with large transverse momenta,
since they represent an earlier emission from a compressed
source. Thus future, more exclusive, experiments with rel-
ativistic radioactive beams should be able to set stringent
constraints on the density dependence of the symmetry en-
ergy far from ground-state nuclear matter. In recent years
some efforts have been devoted to the effects of the scalar-
isovector channel in finite nuclei. Such investigations have
not shown a clear evidence for the δ-field and this can
be understood considering that in finite nuclei one can
test the interaction properties mainly below the normal
density, where the effect of the δ-channel on symmetry
energy and on the effective masses is indeed small [18]
and eventually could be absorbed into nonlinear terms
of the ρ-field. Moreover, even studies of the asymmetric
nuclear matter by means of the Fermi-liquid theory [18]
and a linear response analysis have concluded that some
properties, like the borderline and the dynamical response
inside the spinodal instability region, are not affected by
the δ-field [19]. Here we show that heavy-ion collisions
around 1AGeV with radioactive beams can provide in-
stead a unique opportunity to spot the presence of the
scalar isovector channel [56]. In fact, due to the large coun-
terstreaming nuclear currents one may exploit the differ-
ent Lorentz nature of a scalar and a vector field. Over-
simplifying the heavy-ion collision dynamics we consider
locally neutrons and protons with the same γ factor (i.e.
with the same speed). Then nucleon equations of motion
can be expressed approximately by the following transpar-
ent form (ρS3 = M∗

E∗ ρ3), [56]:

dp ∗
p

dτ
− dp ∗

n

dτ
� 2

[
γfρ − fδ

γ

]
∇ρ3, (11)

where γ is the Lorentz factor for the collective motion of
a given ideal cell. Keeping in mind that NLρδ has a three
times larger ρ-field [18], it is clear that dynamically the
vector-isovector mean field acting during the heavy-ion
collision is much greater than the one of the NLρ,NLDρ
cases (NLDρ is built with the same density dependence of
the NLρδ symmetry energy, but without the δ coupling).
Then the isospin effect is mostly caused by the different
Lorentz structure of the “interaction” which results in a
dynamical breaking of the balance between the ρ vector
and δ scalar fields, present in nuclear matter at equilib-
rium. The Catania group has performed a set of relativistic
transport simulations for the realistic 132Sn + 124Sn reac-
tion at 1.5AGeV (b = 6fm), that likely could be studied
with the new planned radioactive beam facilities at inter-
mediate energies. The transverse and elliptic differential
flows are shown in fig. 14. The effect of the different struc-
ture of the isovector channel is quite clear. Particularly
evident is the splitting in the high-pt region of the elliptic
flow. From fig. 14 we see that, in spite of the statisti-
cal errors, in the (ρ + δ) dynamics the high-pt neutrons
show a much larger squeeze-out. This is fully consistent

Fig. 14. Differential neutron-proton flows for the
132Sn + 124Sn reaction at 1.5AGeV (b = 6 fm) from the
three different models for the isovector mean fields. Top:
transverse flows. Bottom: elliptic flows. Full circles and solid
line: NLρδ. Open circles and dashed line: NLρ. Stars and
short dashed line: NL-Dρ. Error bars: see the text. Taken
from [56].

with an early emission (more spectator shadowing) due
to the larger repulsive ρ-field. We can expect this appre-
ciable effect since the relativistic enhancement discussed
above is relevant just at the first stage of the collision. The
v2 observable, which is a good chronometer of the reac-
tion dynamics, appears to be particularly sensitive to the
Lorentz structure of the effective interaction. We expect
similar effects, even enhanced, from the measurements of
differential flows for light isobars, like 3H vs. 3He.

Predictions have also been made with several other
transport models. Shown in fig. 15 is the n-p differential
flow for the reaction of 132Sn + 124Sn at a beam energy of
400MeV/nucleon and an impact parameter of 5 fm [57].
Effects of the symmetry energy are clearly revealed by
changing the symmetry energy labeled with the parame-
ter x in fig. 15. It is worth mentioning that the isospin
dependence of radial flow at RIA energies has also been
investigated very recently [58]. The difference in the radial
flow velocity for neutrons and protons is the largest for the
stiffest symmetry energy as one expects. As the symmetry
energy becomes softer the difference disappears gradually.
However, the overall effect of the symmetry energy on the
radial flow is small, even for the stiffest symmetry energy
with x = −2 the effect is only about 4%. This is be-
cause the pressure of the participant region is dominated
by the kinetic contribution. Moreover, the compressional
contribution to the pressure is overwhelmingly dominated
by the isoscalar interactions. For protons, the radial flow
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Fig. 15. Neutron-proton differential flow at RIA and GSI en-
ergies (top panel) and symmetry energy used in obtaining the
above results (bottom panel). Taken from [57].

is affected much more by the Coulomb potential than the
symmetry potential. In fact, the Coulomb potential almost
cancels out the effect of the symmetry potential at x = −2.
As the symmetry energy becomes softer, the radial flow
for protons becomes higher than that for neutrons. The
radial flow thus seems to be less useful for studying the
EoS of neutron-rich matter.

7 Conclusions

The EoS of neutron-rich matter has been a long-standing
fundamentally important topic in both nuclear physics
and astrophysics. Nuclear reactions induced by neutron-
rich nuclei provide a great opportunity to pin down the
EoS of neutron-rich matter. In particular, the isospin de-
pendence of various components/forms of nuclear collec-
tive flow is very useful for extracting interesting informa-
tion about the EoS of neutron-rich matter. Some experi-
mental evidence indicating the isospin dependence of col-
lective flow has been obtained from heavy-ion reactions
at the Fermi energies. In particular, it was shown both
theoretically and experimentally that the flow strength of
charged particles depends on the isospin asymmetry of the

reaction system. Moreover, the balance energy where the
collective flow vanishes is also isospin dependent. A num-
ber of interesting predictions regarding the isospin flows
have been made using isospin-dependent transport mod-
els. However, there are currently very few experimental
data available to be compared with. Because of the fact
that the isovector potential is rather small compared to
the isoscalar potential during heavy-ion reactions, many
of the sensitive observables use differences between neu-
trons and protons, such as the neutron-proton differential
transverse and/or elliptic flow. They thus require the de-
tection of neutrons simultaneously with charged particles.
Although it is challenging to measure low-energy neutrons
accurately, the transverse flow and squeeze-out of neu-
trons have been measured at both GSI and the Bevalac.
In fact, neutron detectors have been built/planned at sev-
eral radioactive beam facilities. One can thus expect to see
high-quality neutron-proton differential flow data coming
in the next few years. In the meantime, observables using
differences of light isobaric nuclei can also provide some
useful information albeit less sensitive than neutrons and
protons.

While we have concentrated on the collective flow ob-
servables in this report, the readers are kindly reminded
that there are many other equally useful observables,
such as, the n/p ratio of pre-equilibrium nucleon emis-
sions, π−/π+ andK0/K+ ratios as well as neutron-proton
correlation functions, for studying the EoS of isospin-
asymmetric matter. Correlations of multi-observables are
critical for finally determining the EoS of neutron-rich
matter. Based on transport model simulations, several in-
teresting predictions were made in the literature. Our re-
view here on the isospin flows serves as an example of a
broad scope of interesting physics one can study with nu-
clear reactions induced by neutron-rich nuclei. With the
construction of various radioactive beam facilities around
the world, we expect that comparisons of theoretical pre-
dictions with future data will allow us to better under-
stand the isospin dependence of in-medium nuclear ef-
fective interactions. In particular, high-energy radioactive
beams being available at some of the facilities will pro-
vide us with a great opportunity to explore the EoS of
dense neutron-rich matter which is of vast interest to as-
trophysics. Well-concerted collective actions by both ex-
perimentalists and theoreticians will certainly move this
field forward quickly.
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